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Makalah ini menyelesaikan model SEIR (Susceptible-Exposed-Infected-Recovered) penyebaran 
penyakit meningitis secara numerik dengan tiga metode, yaitu metode Euler, metode Heun, dan 
metode Runge-Kutta orde empat (RK4). Metodologi penelitian ini meliputi lima langkah berturut-
turut, yaitu pemodelan matematika jenis SEIR, diskritisasi model, pemrograman komputer, simulasi 
numerik, dan pengamatan hasil simulasi. Dari simulasi, ketiga metode numerik tersebut memberikan 
penyelesaian dengan perilaku yang sama. Lebih lanjut, pola penyelesaian yang dihasilkan oleh ketiga 
metode tersebut juga sama dengan pola penyelesaian referensi yang dihasilkan oleh algoritma ode45 
dalam perangkat lunak MATLAB (sebagai catatan: penyelesaian referensi ode45 ini diambil, karena 
sampai saat ini penyelesaian eksak analitik model SEIR belum ditemukan). Hal ini memberikan 
kepercayaan pada kebenaran hasil simulasi dalam makalah ini. Secara teori, keakuratan metode RK4 
lebih baik jika dibandingkan dengan keakuratan metode Euler dan metode Heun. Hasil numerik 
dalam makalah ini menunjukkan bahwa teori tersebut juga berlaku dalam simulasi penyebaran 
penyakit meningitis. 
Kata Kunci: metode Euler, metode Heun, metode Runge-Kutta orde empat, model SEIR, 
penyebaran penyakit meningitis. 
 
ABSTRACT  
This paper solves the SEIR (Susceptible-Exposed-Infected-Recovered) model of meningitis disease 
spread numerically using three methods, namely, the Euler method, the Heun method, and the fourth 
order Runge-Kutta (RK4) method. Our research methodology consists of five steps consecutively, 
namely, mathematical modelling of the SEIR type, model discretisation, computer programming, 
numerical simulation, and observation of simulation results. Our simulations show that all the three 
numerical methods produce solutions with the same behaviour. Furthermore, the patterns of the 
solutions generated by the three methods are also the same as the pattern of the reference solution 
produced by the ode45 algorithm in the MATLAB software (we note that: this ode45 reference 
solution is taken, because until now the exact analytical solution of the SEIR model is not available). 
This gives confidence to the correctness of our simulation results in this paper. In theory, the accuracy 
of the RK4 method is better than those of the Euler and Heun methods. The numerical results in this 
paper show that the theory is also applicable in simulating the spread of meningitis disease. 
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One of infectious diseases is meningitis. This disease infects many people with a 
fairly high mortality rate in the world. The largest patient population comes from countries 
in Africa and Asia, including Indonesia. The causes of meningitis are the bacteria Neisseria 
meningitidis, Haemophilus influenzae, Streptococcus pneumoniae, and Listeria 
monocytogenes (Asamoah, et al., 2018). One technique that can be used to analyze the 
dynamics of disease spread is by using mathematical models (Allmandan & Rhodes, 2004; 
Ozalp & Demirci, 2011; Hurint, et al., 2017; Hurit, 2020). Mathematical models are 
formulated based on the characteristics of the disease. In this paper, the mathematical model 
that will be used is the SEIR epidemic model, in which the population is divided into four 
groups, namely: susceptible (S) individuals who are susceptible to meningitis, exposed (E) 
individuals who have actually been infected with the disease but have not been able to 
transmit it, infected (I) individuals who have infected and can transmit the disease, and 
recovered (R) individuals who have recovered from the disease. 
 This paper aims to solve the SEIR model of the spread of meningitis using the Euler 
method, Heun method, and the fourth order Runge-Kutta method (RK4). The Euler method 
is a numerical method with the first order of accuracy. The Heun method is a method with 
the second order of accuracy known as an improvement of the Euler method. The RK4 
method is a method with the fourth order of accuracy. The simulation results of the three 
methods will be seen whether they have similarities in the behavior of the solution. The same 
behavior will convince the authors and readers about the correctness of the simulation results 
in this paper. Furthermore, the numerical results in this paper verify that in simulating the 
spread of meningitis, it is also true that the RK4 method is more accurate than the Heun 
method and the Euler method, and the Heun method is more accurate than the Euler method. 
 The rest of this paper describes the methods, results and discussion, as well as 
conclusion. The methods section provides the SEIR model and numerical schemes for 
solving the model; the numerical schemes include the scheme of the Euler method, the 
scheme of the Heun method, and the scheme of the RK4 method. The results and discussion 
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comparison of absolute errors of the solutions obtained from the three applied methods. At 
the end, the paper will close with some concluding remarks. 
 
METHODS  
Our research method lies on programming and simulation, that is, (a) computer 
programming of the Euler method, Heun method, and the RK4 method; and (b) simulations 
to solve the SEIR model of the spread of meningitis. The flow of research on the spread of 
meningitis (as our methodology) sequentially consists of five stages, namely: 
1. development of SEIR model for the spread of meningitis; 
2. numerical discretizations of SEIR model based on Euler, Heun, and RK4 methods; 
3. computer programming of the discretizations of SEIR model into the MATLAB 
software; 
4. numerical simulations of the spread of meningitis using the MATLAB computer 
programs; and 
5. observation of the solution graphs generated by the MATLAB computer programs.  
In more detail, the following describes the form of the SEIR model, the Euler method, the 
Heun method, and the RK4 method. 
 
SEIR Model 
 In the SEIR model, the population is divided into four subpopulations, namely, 
susceptible 𝑆(𝑡) which is a subpopulation susceptible to disease, exposed 𝐸(𝑡) which is a 
subpopulation infected but not yet been able to transmit the disease, infected 𝐼(𝑡) which is a 
subpopulation that has been infected and is actively transmitting the disease, and recovered 
𝑅(𝑡) which is a subpopulation recovered from the disease (Allmandan & Rhodes, 2004). 
Here 𝑡 is time variable. A transfer diagram of the spread of disease in a population can be 
presented in Figure 1, which includes the vaccination factor. 
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 The transfer diagram of the SEIR model in Figure 1 shows the transition of each state 
as a dynamic within the population. In the initial state, the individual can be said to be 
susceptible which can transfer to an exposed individual, but this individual has not been fully 
infected with the disease. If the exposed individual becomes fully infected, then over time 
the exposed population enters the infected population. Thus, the exposed population is 
reduced and it can be said that the individual becomes infected. This results in an increase 
in the infected population. Furthermore, after the individual is infected and then recovers, 
this individual is included in the recovered category. Individuals who have received the 
vaccine are assumed to be immune to meningitis, so they are immediately included in the 
recovered group. Each population in this SEIR model has natural death in each 
subpopulation, either caused by the disease itself or other factors. This means that the natural 
death factor also causes a decrease (subtraction) in the susceptible, exposed, infected, and 
recovered subpopulations (Allmandan & Rhodes, 2004; Hurit, 2020). As additional 
assumptions, the total population in the system is constant, and there is no migration. 
 Based on the diagram in Figure 1 and the explanation above, the formulation of the 
SEIR model for the spread of meningitis is as follows: 
𝑑𝑆
𝑑𝑡
= 𝜇(𝑁 − 𝑆) − 𝛽
𝑆𝐼
𝑁















= 𝛾𝐼 − 𝜇𝑅 + 𝜈𝑆, (4) 
with variable and parameter descriptions are given in Table 1. Here, the unit for the time 
variable 𝑡 is day. 
Table  1. Parameters Involved in the SEIR Model 
Parameter Description Unit 
 𝛽 transmission rate from susceptible to infected individual day-1 
 𝛾 recovery rate of each infected individual day -1 
 𝜎 movement rate from exposed to infected individual day -1 
 𝜇 individual birth and death rates in each group day -1 
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 As written in Table 1, parameter 𝛽 is a parameter that functions to control how 
quickly an individual moves from susceptible to exposed individuals. Parameter 𝜎 describes 
the rate for the movement of the exposed population to the infected population; parameter 𝛾 
describes the infected population becoming resistant (recovered). There are two additional 
parameters to see the transition system for the spread of meningitis, namely: parameter 𝜇 
which is a parameter of natural birth and death rates that is not affected by disease, and 
parameter 𝜈 which describes the rate of vaccination applied to the susceptible individuals. 
This vaccination is given to susceptible populations with the aim of making susceptible 




 An initial value problem for differential equations can be expressed as follows 
(Butcher, 2003; Agrawal, 2016): 
𝑑𝑦
𝑑𝑡
= 𝑓(𝑡, 𝑦),   𝑎 ≤ 𝑡 ≤ 𝑏,    𝑦(𝑎) = 𝛼. (5) 
Here, 𝑡 is the time variable, which is free; 𝑦 is the dependent variable with respect to 𝑡; 𝑓 is 
a function dependent on 𝑡 and 𝑦;  𝑎, 𝑏, and 𝛼  are known constants.  
 The Euler method for problem (5) is expressed as: 
𝑦𝑖+1 = 𝑦𝑖 + ℎ𝑓(𝑡𝑖 , 𝑦𝑖), (6) 




 The Heun method is commonly known as the improvement of the Euler method and 
its order of accuracy is higher than Euler’s. This method is the result of a generalization of 
the Euler method by Heun (Chandio & Memon, 2010; Ningsi, 2019). The Heun method 
consists of  predictor and corrector steps, in which the predictor is calculated using the Euler 
method. The Heun iteration formula for problem (5) can be written as follows: 
Predictor: 
?̅?𝑖+1 = 𝑦𝑖 + ℎ𝑓(𝑡𝑖 , 𝑦𝑖), (7) 
Corrector: 
𝑦𝑖+1 = 𝑦𝑖 +
ℎ
2
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 The RK4 method has been widely used, because it has a high order of accuracy and 
is more accurate than the two previous mentioned methods. The RK4 method for problem (5) 
has the following form (Fredilina & Werthi, 2018; Huzaimah, 2016): 
𝑦𝑖+1 = 𝑦𝑖 +
1
6
(𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4), (9) 
in which: 
𝑘1 = ℎ𝑓(𝑡𝑖 , 𝑦𝑖), (10) 
  
















𝑘4 = ℎ𝑓(𝑡𝑖 + ℎ, 𝑦𝑖 + 𝑘3), (13) 
where 𝑖 = 0, 1, 2, . . . , 𝑁 − 1 and ℎ = 𝑡𝑖+1 − 𝑡𝑖 and 𝑦0 = 𝑦(𝑎) = 𝛼 for a chosen positive 
integer 𝑁. 
 
RESULTS AND DISCUSSION 
This section reports our simulation results and provides discussion about them. Numerical 
programming and simulation are done using the MATLAB software. For all simulations, 
initial values and parameter values are presented in Table 2. It should be noted that all 
parameter values and initial values in Table 2 are assumptions. The value of ℎ in Table 2 is 
chosen specifically with the consideration that the simulation results will be quite accurate 
and the simulation process is relatively short (only a few seconds of simulation on a laptop 
computer). 
This section contains four subsections. The first subsection contains the solution to 
the SEIR model using the Euler method. The second subsection reports the solution to the 
SEIR model using the Heun method. The third subsection contains the solution to the SEIR 
model using the RK4 method. The fourth subsection contains a comparison of the errors of 
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Table 2. Descriptions and Values of Parameters and Initial Values of 





Transmission rate from susceptible to infected individual 𝛽 0.90 
Recovery rate of each infected individual 𝛾 0.20 
Movement rate from exposed to infected individual 𝜎 0.50 
Individual birth and death rates in each group 𝜇 0.12 
Vaccination rate for susceptible individual 𝜈 0.50 
Time variable 𝑡 [0, 30] 
Initial value of variable 𝑆 𝑆(0) 10 
Initial value of variable 𝐸 𝐸(0) 5 
Initial value of variable 𝐼 𝐼(0) 0 
Initial value of variable 𝑅 𝑅(0) 0 
Time step for the discretized SEIR model ℎ 0.1 
  
 
Solving SEIR Model using Euler Method 
 The formulation of the Euler method to solve the SEIR model of the spread of 
meningitis can be written as follows: 
𝑆𝑛+1 = 𝑆𝑛 + ℎ (𝜇(𝑁 − 𝑆𝑛) − 𝛽
𝑆𝑛𝐼𝑛
𝑁
− 𝜈𝑆𝑛), (14) 
  
𝐸𝑛+1 = 𝐸𝑛 + ℎ (𝛽
𝑆𝑛𝐼𝑛
𝑁
− (𝜇 + 𝜎)𝐸𝑛), (15) 
  
𝐼𝑛+1 = 𝐼𝑛 + ℎ(𝜎𝐸𝑛 − (𝜇 + 𝛾)𝐼𝑛), (16) 
  
𝑅𝑛+1 = 𝑅𝑛 + ℎ(𝛾𝐼𝑛 − 𝜇𝑅𝑛 + 𝜈𝑆𝑛), (17) 
where 𝑛 = 0, 1, 2, . . . , 𝑁 − 1 for an integer 𝑁;  ℎ = 𝑡𝑛+1 − 𝑡𝑛, and 𝑡𝑛 is discrete time value. 
Using the initial values and parameter values from Table 2, simulation results are obtained 
as shown in Figure 2. It should be noted that the exact analytical solution of the SEIR model 
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Figure 2. Solution to the SEIR Model of Meningitis Spread Using the Euler Method 
 Figure 2 shows the solution to the SEIR epidemic model of meningitis spread using 
the Euler method. Over time, the exposed and the infected subpopulations approach 
asymptotically to zero. At the same time, the susceptible and the recovered subpopulations 
moves towards their equilibrium values. 
 
Solving SEIR Model using Heun Method 
 The Heun method for solving the SEIR model which is considered to have a 
predictor-corrector numerical scheme is as follows: 
Predictor: 
𝑆?̅?+1 = 𝑆𝑛 + ℎ (𝜇(𝑁 − 𝑆𝑛) − 𝛽
𝑆𝑛𝐼𝑛
𝑁
− 𝜈𝑆𝑛), (18) 
  
?̅?𝑛+1 = 𝐸𝑛 + ℎ (𝛽
𝑆𝑛𝐼𝑛
𝑁
− (𝜇 + 𝜎)𝐸𝑛), (19) 
  
𝐼?̅?+1 = 𝐼𝑛 + ℎ(𝜎𝐸𝑛 − (𝜇 + 𝛾)𝐼𝑛), (20) 
  
?̅?𝑛+1 = 𝑅𝑛 + ℎ(𝛾𝐼𝑛 − 𝜇𝑅𝑛 + 𝜈𝑆𝑛), (21) 
Corrector: 
𝑆𝑛+1 = 𝑆𝑛 +
ℎ
2















− (𝜇 + 𝜎)𝐸𝑛) + (𝛽
𝑆?̅?+1𝐼?̅?+1
𝑁
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𝐼𝑛+1 = 𝐼𝑛 +
ℎ
2
[(𝜎𝐸𝑛 − (𝜇 + 𝛾)𝐼𝑛) + (𝜎?̅?𝑛+1 − (𝜇 + 𝛾)𝐼?̅?+1)], (24) 
  
𝑅𝑛+1 = 𝑅𝑛 +
ℎ
2
[(𝛾𝐼𝑛 − 𝜇𝑅𝑛 + 𝜈𝑆𝑛) + (𝛾𝐼?̅?+1 − 𝜇?̅?𝑛+1 + 𝜈𝑆?̅?+1)], (25) 
where 𝑛 = 0, 1, 2, . . . , 𝑁 − 1 for an integer 𝑁;  ℎ = 𝑡𝑛+1 − 𝑡𝑛, and 𝑡𝑛 is discrete time value. 
 
Figure 3. Solution to the SEIR Model of Meningitis Spread Using the Heun Method 
 Figure 3 shows the simulation results of the solution to the SEIR epidemic model 
using the Heun method. This graph is similar to the simulation results using the Euler 
method. Over time, the majority of individuals in the system fall into the recovered group 
and a small proportion are in the susceptible group. Over a long period of time, the numbers 
of individuals in the exposed and infected groups are almost zero. 
 
Solving SEIR Model using RK4 Method 
 The application of the RK4 method to the SEIR model of the spread of meningitis 
provides the following auxiliary variables: 





𝑘1𝐸 = ℎ (𝛽
𝑆𝑛𝐼𝑛
𝑁
− (𝜇 + 𝜎)𝐸𝑛), 
(27) 
𝑘1𝐼 = ℎ(𝜎𝐸𝑛 − (𝜇 + 𝛾)𝐼𝑛), (28) 
𝑘1𝑅 = ℎ(𝛾𝐼𝑛 − 𝜇𝑅𝑛 + 𝜈𝑆𝑛), (29) 
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𝑘2𝐼 = ℎ (𝜎(𝐸𝑛 +
1
2





𝑘2𝑅 = ℎ (𝛾(𝐼𝑛 +
1
2
𝑘1𝐼) − 𝜇(𝑅𝑛 +
1
2




































𝑘3𝐼 = ℎ (𝜎(𝐸𝑛 +
1
2





𝑘3𝑅 = ℎ (𝛾(𝐼𝑛 +
1
2
𝑘2𝐼) − 𝜇(𝑅𝑛 +
1
2





𝑘4𝑆 = ℎ (𝜇(𝑁 − (𝑆𝑛 + 𝑘3𝑆)) −
𝛽
𝑁
(𝑆𝑛 + 𝑘3𝑆)(𝐼𝑛 + 𝑘3𝐼) − 𝜈(𝑆𝑛 + 𝑘3𝑆)), 
(38) 
𝑘4𝐸 = ℎ (
𝛽
𝑁
(𝑆𝑛 + 𝑘3𝑆)(𝐼𝑛 + 𝑘3𝐼) − (𝜇 + 𝜎)(𝐸𝑛 + 𝑘3𝐸)), 
(39) 
𝑘4𝐼 = ℎ(𝜎(𝐸𝑛 + 𝑘3𝐸) − (𝜇 + 𝛾)(𝐼𝑛 + 𝑘3𝐼)), (40) 
𝑘4𝑅 = ℎ(𝛾(𝐼𝑛 + 𝑘3𝐼) − 𝜇(𝑅𝑛 + 𝑘3𝑅) + 𝜈(𝑆𝑛 + 𝑘3𝑆)), (41) 
so the numerical scheme of the RK4 method for the SEIR model is as follows: 
𝑆𝑛+1 = 𝑆𝑛 +
1
6
(𝑘1𝑆 + 2𝑘2𝑆 + 2𝑘3𝑆 + 𝑘4𝑆), (42) 
𝐸𝑛+1 = 𝐸𝑛 +
1
6
(𝑘1𝐸 + 2𝑘2𝐸 + 2𝑘3𝐸 + 𝑘4𝐸), (43) 
𝐼𝑛+1 = 𝐼𝑛 +
1
6
(𝑘1𝐼 + 2𝑘2𝐼 + 2𝑘3𝐼 + 𝑘4𝐼), (44) 
𝑅𝑛+1 = 𝑅𝑛 +
1
6
(𝑘1𝑅 + 2𝑘2𝑅 + 2𝑘3𝑅 + 𝑘4𝑅). (45) 
Here, 𝑛 = 0, 1, 2, . . . , 𝑁 − 1 for an integer 𝑁;  ℎ = 𝑡𝑛+1 − 𝑡𝑛, and 𝑡𝑛 is discrete time value. 
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 Figure 4 shows the simulation results of the solution to the SEIR epidemic model 
using the RK4 method. In theory, this graph is more accurate than the graph in Figure 2 of 
the Euler method and the graph in Figure 3 of the Heun method. This is because the Euler 
method has the first order of accuracy, the Heun method has the second order of accuracy, 
while the RK4 method has the fourth order of accuracy (Butcher, 2003). These orders of 
accuracy are influenced by the accuracy of the numerical integration process of the 
derivative of the function involved in the differential equations (Butcher, 2003). The graphs 
in Figure 2, Figure 3, and Figure 4 show the same behavior and similar results for the 
susceptible group 𝑆(𝑡), the exposed group 𝐸(𝑡), the infected group 𝐼(𝑡), and the recovered 
group 𝑅(𝑡). It appears that as time goes on, the recovered group gets larger approaching its 
equilibrium, while the exposed group and infected group get smaller towards zero, and the 
susceptible group goes to its constant equilibrium. This shows that the vaccination applied 
in this population system has been successfully applied to eradicate the spread of meningitis. 
 
Error Comparison between Euler, Heun, and RK4 Solutions 
 This subsection is devoted to a comparison of the absolute errors between the 
solutions produced by the Euler method (Figure 2), the Heun method (Figure 3), the RK4 
method (Figure 4) and the reference solution shown in Figure 5. We observe that Figures 2-
5 depict the same behavior of the solutions to the SEIR model. To confirm which method is 
the most accurate among the Euler method, Heun method, and RK4 method in simulating 
the spread of meningitis, the errors of these three methods need to be quantified. It should 
be noted that the exact analytical solution of the SEIR model expressed by equations (1)-(4) 
has not been found so far. Therefore, the reference solution is taken from the ode45 algorithm 
in the MATLAB software. The relative tolerance and absolute tolerance that we specified in 
ode45 are 2.3 × 10−14, so that this reference solution is believed to be accurate. The 
tolerance value of 2.3 × 10−14 is chosen, because this value is easy to remember and close 
enough to the default tolerance 2.22045 × 10−14 of the ode45 algorithm of the MATLAB 
software. 
From Table 3, we observe that the errors from the largest to the smallest are the errors 
of Euler method, Heun method, and RK4 method, respectively. This means that the accuracy 
of the Heun method is between the accuracy of Euler method and that of the RK4 method. 
Furthermore, the Euler method produces solution which is least accurate, and the RK4 
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Figure 5. Solution to the SEIR Model of Meningitis Spread Using MATLAB’s ode45 
 
Table 3. Comparison of Absolute Errors of Solutions  




of Variable 𝑺 
Absolute Error 
of Variable 𝑬 
Absolute Error 
of Variable 𝑰 
Absolute Error 
of Variable 𝑹 
Euler 1.28 × 10−2 1.03 × 10−2 1.13 × 10−2 2.30 × 10−2 
Heun 2.74 × 10−4 1.69 × 10−4 2.15 × 10−4 2.65 × 10−4 
RK4 6.64 × 10−8 4.13 × 10−8 1.22 × 10−7 3.79 × 10−8 
  
 From the results of the comparison of errors between the Euler method, Heun 
method, and the RK4 method, it is suggested that in solving the mathematical model of the 
spread of meningitis, the RK4 method should be used. This RK4 method can be applied to 
solve other models of disease spread, for example in problems discussed by Mungkasi (2021, 
2020a, 2020b) and Mungkasi et al. (Pratiwi & Mungkasi, 2021; Simangunsong & Mungkasi, 
2021; Lede & Mungkasi, 2019). This research can be developed and expanded for problems 




 Solutions to the SEIR model in this paper are shown as graphs generated numerically 
using MATLAB programs based on the Euler method, Heun method, and RK4 method. Each 
accuracy of the numerical solutions of the three methods is measured by absolute error which 
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reference solution of the ode45 algorithm is taken, because the exact analytical solution for 
the SEIR model has not yet been found. The graphs of the solutions to the SEIR model show 
that the numerical solutions produced using the three methods have the same behavior as the 
reference solution. Theoretically, the accuracy of the RK4 method is higher than that of the 
Euler method and that of the Heun method. This theory has been confirmed in this paper 
numerically. From the simulation results, it is concluded that the three methods can be 
applied to solve the SEIR model of meningitis spread, and that vaccination can be applied 
to eradicate the spread of meningitis in the human population. 
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